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ABSTRACT 



The basic tensors of a Riemannian geometry are found in terms 
of tensor components by considering the geometry as a field over 
another arbitrary Riemannian geometry. The approach exhibits sym- 
metries not previously noted. In particular the Riemann tensor of 
a geometry is found to decompose ^in to a s^n of tensors, each with 
the full symmetry of a Riemann tensor, and each dependent upon only 



one order of derivative of the metric tensor. Further work' to explore 
the potential value of the approach to general relativity is proposed. 
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I. Introduction., 



The general theory of relativity of Einstein is considered as 
the most elegant physical theory developed to date. Its basic assump- 
tions are merely that space-time has the geometry of a four-dimensional, 
normal hyperbolic Riemannian metric space, whose first fundamental form 
may be denoted by 

G = g y\/ xP ) ^ d)(V (° - l i » P 3 )» (1-D 

and whose metric tensor g^ is determined by the mass-energy contained 
in space-time by Einstein's field equation 
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- 7T g R = kT 
yv 2 3 yv 



MV 



( 1 - 2 ) 



Here R is the Ricci tensor of g ; R is the contracted Ricci tensor; 

is an "energy-momentum" tensor, specified according to the type of 
matter under consideration; and k is a proportionality constant. 

However, extreme difficulties arise, when one tries to draw signi- 
ficant physical conclusions from the basic assumptions of the theory. 
These difficulties arise primarily due to the extreme non-linearity of 
the field equation. But important problems arise also due to the lack 
of an a priori space-time topology, due to the presence of complicated 
geometric objects such as the Christoffel symbols, and due to the dif- 
ficulty (in fact, impossibility in general) of integrating tensors over 
a finite region. These difficulties have slowed progress in exploring 
all the richness inherent in Einstein's field equation. 

For the purpose of adding to the tools with which the field equa- 
tions may be explored, a new mathematical approach to the problem is pro- 
posed, and the ensuing equations and preliminary results are developed in 
this paper. The approach might best be described as considering one 
geometry as a field over another geometry, with the basic field variable 
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being the difference between the metric tensors of the two geometries. 

It is not suggested that there exists some "base" geometry (which would 
be in conflict with the basic concepts of Einstein's general relativity) 
but rather that the approach leads to relations between geometries which 
are of benefit in obtaining new solutions to the field equations, as well 
as of value in investigations of the stability of known solutions. 

Indeed, it would appear to add greatly to the understanding of the physi- 
cal meaning of the equations. 

This approach has been described as new. Certainly the metric 
tensor has been considered as a field over a flat (Minkowski) space 
before, and certainly the difference between two metric tensors has been 
considered as an infinitesimal in perturbation techniques before; but to 
the writer's knowledge, neither the generalization of these two techniques, 
used jointly over an arbitrary geometry and without restriction to infini- 
tesimals, nor the results obtained by so doing have been previously 
reported. 
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II. Notation and Conventions. 



Sign of definition: = 



Sign of a particular coordinate system: = 



Einstein summation convention: a b y = 



a b , etc. for 



u=o 



y 



repeated indices, 



Signature of the metric tensor: (+ — ); g = det (g ). 

1 T 

Choice of Riemann tensor: fixed byV r n i V R 

y;LpoJ 2 t ypo 

R = R t ; trace: R = R T 

yv yxv t 



Choice of Ricci tensor: 

Square brackets for anti-symmetrization, e.g.: 

V 



'[yv] 



= l(V ~ V ); 

2 y v vy 



1 



V [y|cp|v] 

Round brackets for symmetrization, e.g.: 

V (yvp) 



= ~-(V - V ) , etc. 

2' yapv vapy y 



= hv + 


V 


+ V 


o' yvp 


pyv 


vpy 


+ V + 


V 


+ V 


ypv 


vyp 


pvy 



Ordinary differentiation: V 



y»v 



s 9 V 
v y 



Difference between covariant and contravariant forms of two metric 
tensors: u 



k 



yv 

yv 



^yv ^yv 

= g yv - g yv 



Difference between affinities (Christoffel symbols of the second kind) 
of two metric tensors: 



b p 
yv 



= r p — r p 



yv 



yv 



Covariant differentiation: V 

y;v 

V - 

y;v 

Repeated differentiation: V . 

y y;vp 

A tensor defined with respect to g 
kernal, e.g.: R Xyp0 



yv 



s V V with respect to g 

v y r 3 yv 

e V V with respect to g 

v y ^ 3 yv 

= V 

y;v;p 

is denoted by a bar over the 
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Difference between tensors defined in some way by two different metric 
tensors:^ 



6R, E (6R), 

Avpa Avpa 


= R. - R. 

Avpa 


6h, = (6h). 

Av ; pa Av ; pa 


= h, — - h. 

Av;pa 


Kronecker delta: 




E g«> g 

V 3 3 pv 


= = { 


Units: c (speed of light) 


= 1, K = ■ 



Avpa 
Av ; pa 



, etc. 



if la = v 
otherwise 



y = (8 tt)~\ m = M(8 tt)"^ for Newton's constant and the radius of 



gravitation respectively]. 



^Exceptions to the kernal index system of Schouten [1], which 
is used otherwise. 
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III. Mathematical Basis of the Proposed Technique. 



In order to provide a basis for the proposed technique, a few 
2 

basic definitions of geometry are herewith presented. 

A set of n real or complex values of n ordered variables is 
called an arithmetic point and the totality of these points is called 
an arithmetic manifold U n . 

Consider a set M, and let the elements of M be in one-to-one 
correspondence with the points of a region R q of U n . This is called 
a coordinate system over the elements of M. The transformation of 
coordinates in M means passing to another one-to-one correspondence 
between these elements and the points of a region of U n * This is also 
true for a subset S of M, corresponding one-to-one to a subregion R of 
R . The geometry of S depends largely upon the set of allowed trans- 
formations, B . If we allow the set B„ to be all transformation of 
n n 

points of U n that are analytic (or of class u, i.e., up to and including 

the u^ derivative is continuous) with R q =R = R ' ( R 1 being the region of U n 

to which transformed), then these transformations form a group. But if 

we allow the set B„ of all transformation of points of U that are ana- 

n n 

lytic (or of class U) each in a certain region, but without the condi- 
tion that these regions coincide, B n is not a group. Such a set Is 
called a pseudo-group. 

The set M, provided with the pseudo-group B n and with all al- 
lowable coordinate systems, i.e., all systems that can be derived from 

Taken mainly from Schouten [1], though greatly condensed. 

Trautman [2] contains perhaps a more modern exposition, which shows the 
relation of geometry to topology explicitly. Anderson [3] contains an 
easily readable though less detailed exposition 
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